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Abstract: The stable flight attitude movements of the quad-rotor UAV attained by using Fuzzy 

PID control algorithm in order to minimize the problems related to slow response and poor 

robustness. Firstly, the mathematical model of the Plus quad-rotor UAV model is established then 

the controller is designed which consist of inner ring angular velocity Fuzzy PID and outer ring 

angle P controller. The traditional techniques of the PID controller, cascade Fuzzy PID controller 

and cascade PID controller were simulated using Matlab/ Simulink to compare the step signal. The 

Fuzzy PID controller accelerates the results from the simulations show that the performance of the 

system improved in terms of accuracy of the system. The simulated flight result also shows that 

the Fuzzy PID controller shows robust behavior.  
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1. Introduction 

During the past few years, unmanned aerial vehicles (UAVs) are playing an important role in the 

field of aviation due to their novel structure, unique and exclusive flight mode and a wide range 

of use in different fields. As compared to the traditional fixed body structure aircrafts, UAV has 

simple mechanical structure with folding propellers operation. There are various interference 

factors, which are important for steady state flight response such as, turbulence due to strong 

winds. Some changes in the load weight and the algorithm of the UAV [1]. Presently, the control 

method of quad-rotor aircraft has linear flight control method, a model based nonlinear method 

and a learning based flight control method. Now it is clear that the PID controller reduces the 

traditional flight effect [2]. 

In this research article, the equations for the translation and rotation motion of the UAV are 

discussed and these equations are simplified to obtain the dynamic model of the quad-rotor. In the 

next, the design of cascade fuzzy PID controller for the aerial vehicle is consist on two PID 

controller in series to from a double closed loop PID controller as in the outer ring angle P 

controller and the inner ring is the fuzzy PID controller [3-6]. 

On the basis of Matlab/ Simulink simulations, the control system is compared and the simulation 

data is analyzed. Finally, the simulated results carried out, and the feasibility of the algorithm 

verified.  
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2. System Modeling and Preparation Knowledge 

In this research article, the quadcopter/quadrotor shown in the figure is considered as the research 

object. The two coordinate systems known as right-handed coordinate systems are developed 

which are machines and ground coordinate systems. Figure 1, shows the plus model of quadrotor 

aerial vehicle [7]. 

 
Figure 1: Plus shaped quadrotor 

 

 

Definition of related variables:  

 

 Center of gravity of UAV in relation with ground position variables in coordinate systems 

are 𝑝 = [𝑥 𝑦 𝑧]𝑇.  

 Center of gravity of UAV in relation with ground velocity variables in coordinate systems 

are 𝑣 = [𝑣𝑥 𝑣𝑦 𝑣𝑧]𝑇.  

 UAV in relation with ground attitude variables in the plane coordinate systems are 𝜗 =
[φ 𝜃 Ψ]𝑇.  

UAV in relation with rotational velocity in the body coordinate systems are 𝜔 = [𝜔𝑥 𝜔𝑦 𝜔𝑧]𝑇. 

The subscript 𝑏 and 𝑑 signifies the volume of the body and ground coordinate system. The 

transformation of vectors among the two-coordinate system needs rotation matrix [8]. The rotation 

matrix 𝑅𝑏
𝑑 form body coordinate system to ground coordinate system is taken from [9] and 

rewritten as,  

 

𝑅𝑏
𝑑 = [

𝑐𝑜𝑠𝜃𝑐𝑜𝑠ψ 𝑐𝑜𝑠ψsin𝜃𝑠𝑖𝑛φ − sinψcos𝜃 𝑐𝑜𝑠ψsin𝜃𝑐𝑜𝑠φ + sinψsinφ

𝑐𝑜𝑠𝜃𝑠𝑖𝑛ψ
−𝑠𝑖𝑛𝜃

𝑠𝑖𝑛ψ𝑠𝑖𝑛𝜃𝑠𝑖𝑛φ + 𝑐𝑜𝑠ψ𝑐𝑜𝑠φ
𝑐𝑜𝑠𝜃𝑠𝑖𝑛φ

𝑠𝑖𝑛ψ𝑠𝑖𝑛𝜃𝑐𝑜𝑠φ − 𝑐𝑜𝑠ψ𝑠𝑖𝑛φ
𝑐𝑜𝑠𝑐𝑜𝑠φ

]  (1) 
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2.1 System modeling 

 

With the structural symmetry, the quadrotor is assumed as a rigid body. The problems like gyro 

effect or air drag can easily be solved by Newton-Euler method [10]. The dynamic model of 

quadrotor UAV is shown as:  

 

𝑝̇ = 𝑣        (2) 

mv̇ = G + T       (3) 

Θ̇ = W × ω       (4) 

          J. ω̇ = −ω × (J.ω) + τ       (5) 

 

Where 𝑚 is the mass of the quadrotor, 𝐺 and T act on the fly of drone respectively. Gravity on the 

device is given by = [0 0 𝑚𝑔]𝑇 ; the force vector produced by the rotation of four thrusters is 

in the negative direction of the body coordinate system along the 𝑂𝑏𝑧𝑏 axis is given by 𝑓 =
𝑘𝑇(Ω1

2 + Ω2
2 + Ω3

2 + Ω4
2) where 𝑘 is the lift coefficient, Ω𝑖 = (𝑖 = 1,2,3,4) speed of each rotor. 

The lift in the body coordinate system is changed into ground coordinate system 𝑇 = 𝑅𝑏
𝑑(−𝑓𝑒3), 

where 𝑒3 = [0 0 1]𝑇 [11]. The center of mass translation models of UAV is given in equation 

(2) and (3). Equation (3) is expand to, 

 

𝑣̇𝑥 = −
𝑓

𝑚
(𝑐𝑜𝑠𝜓𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜑 + 𝑠𝑖𝑛𝜓𝑠𝑖𝑛𝜑)

𝑣̇𝑦 = −
𝑓

𝑚
(𝑠𝑖𝑛𝜓𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜑 − 𝑐𝑜𝑠𝜓𝑠𝑖𝑛𝜑)

𝑣̇𝑧 = 𝑔 −
𝑓

𝑚
(𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜑)                             }

 
 

 
 

    (6) 

 

The equation (4) and (5) describe the model of quadrotor UAV rotating about the center of mass. 

𝑊  is the moment among the attitude rate and the angular rate of the body. 𝐽 is the moment of 

inertia matrix of the body coordinate system. The rotor of quadcopter is considered as a 

centrosymmetric object which can be written as  𝐽 = (𝐽𝑥, 𝐽𝑦, 𝐽𝑧). The torque acting on the quadrotor 

is generated by gyroscopic effect. The gyroscopic effect includes drag torque, gyroscopic moment 

and aerodynamic force. In this research article, drag force and gyro moment are ignored. Roll, 

pitch and yaw moments are called aerodynamic moments. The results illustrate that the rolling 

torque is produced by the different speed of rotors. The different speed of rotors produces different 

pitching moments. The force produces anti-torque forces differing to the direction of rotation 

because of the air resistance [12]. The opposite torque of each rotor is unstable to generate yaw 

torque. The aerodynamic moments on the quadcopter are stated as; 

 

𝜏 = [

𝜏𝑥
𝜏𝑦
𝜏𝑧
] = [

𝑑𝑘𝑇(−𝛺2
2+𝛺4

2)

𝑑𝑘𝑇(𝛺1
2−𝛺3

2)

𝑘𝑄(𝛺1
2−𝛺2

2+𝛺3
2−𝛺4

2)

]     (7) 

 

Where 𝑑 is the distance between the rotor and the body center,  𝑘𝑇 is the rotor lift coefficient and 

𝑘𝑄 is anti-torque coefficient. Expanding the formula (5) which gives 
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                            𝜔̇𝑥 =
1

𝐽𝑥
[−(𝐽𝑧 − 𝐽𝑦)𝜔𝑦𝜔𝑧 + 𝜏𝑥]

                             𝜔̇𝑦 =
1

𝐽𝑦
[−(𝐽𝑥 − 𝐽𝑧)𝜔𝑥𝜔𝑧 + 𝜏𝑦]

                             𝜔̇𝑧 =
1

𝐽𝑧
[−(𝐽𝑦 − 𝐽𝑥)𝜔𝑥𝜔𝑦 + 𝜏𝑧]}

 
 

 
 

    (8) 

 

3 Fuzzy PID controller design 

3.1 Fuzzy PID control principle 

 
As compared with the traditional PID controller, this article adopts Fuzzy PID controller. Outer 

loop is the angle control loop and inner loop is the angular velocity control loop because there is 

direct coupling between the motor and inner loop. The outer loop using the P controller in order 

to meet the stability requirements of the aircraft attitude control. In this research paper the roll 

angle, pitch angle and yaw angle control are discussed in fixed- height mode. The overall design 

of the controller is shown in figure 2.  

 

Rotational PID 

controller

Quadrotor 

model
PID controler

Fuzzy inteference

Reference 

signal

Output

 
Figure 2: Controller block diagram 

 

 

3.2 External loop PID controller 

 
Firstly, it is expected that the aircraft will eventually be able to stabilize the flight to the desired 

target position, and the pitch angle will be independent during the centering process, assuming that 

the target trajectory is 𝑅𝑇(𝑡) and the final pitch angle is 𝜃(𝑡). Therefore, it is assumed that 𝑅𝑇(𝑡) =
𝑅0, 𝜃(𝑡) = 𝜃0. The angular error is defined as:  

     𝑒𝜃 = 𝜃𝑟 − 𝜃𝑎                                                             (9) 

   

𝜃𝑟 is the actual pitch angle and 𝜃𝑎 is the desired pitch angle. Consequently, in order to make the 

angle error converge, the design of the outer ring angle is P controller based while the output of 

the controller as the inner ring output: 

𝜔𝑎 = 𝐾𝑝1(𝜃𝑟 − 𝜃𝑎)                            (10) 
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Here; 𝜔𝑎 is the outer ring angle of the output is desired pitch angular velocity and 𝐾𝑝1 is defined 

as the scale factor of the outer ring. 

 

3.3 Inner loop Fuzzy PID controller 

 
Inner loop fuzzy PID controller is mainly composed of Fuzzy interface, knowledge base fuzzy 

reasoning, PID controller and clear interface. It is particularly important that Fuzzy interference 

uses the deviation and the deviation rate of change as Fuzzy input. In the process of controlling 

system operation, the error and the rate of change of error are continuously detected and the three 

parameters of the PID controller are adjusted according to the predesigned Fuzzy rules. The 

designed Fuzzy PID control laws are defined in equation (11). 

 

                         𝜔̇ = 𝑝(𝜔𝜃𝑎 − 𝜔𝜃𝑟) + 𝑖 ∫(𝜔𝜃𝑎 − 𝜔𝜃𝑟) + 𝑑(𝜔̇𝜃𝑎 − 𝜔̇𝜃𝑟)    (11) 

Where, 

 

     

𝑝 = 𝐾𝑃 + ∆𝐾𝑃
𝑖 = 𝐾𝑖 + ∆𝐾𝑖
𝑑 = 𝐾𝑑 + ∆𝐾𝑑

       (12) 

 

 

 𝜔𝜃𝑎 is the actual pitch angular velocity, 𝜔𝜃𝑟 is the desired pitch angular velocity, 𝜔̇ is the output 

of inner fuzzy PID controller.  𝑝, 𝑞, 𝑟 are the angular velocities proportional coefficients of the 

inner PID controller after tuning, integration, differential coefficients which (𝐾𝑃,𝐾𝑖,𝐾𝑑) for the 

initial design value of PID parameters, (∆𝐾𝑃, ∆𝐾𝑖, ∆𝐾𝑑) for the Fuzzy controller. 

 

3.4 Fuzzy controller input and output variables and membership functions 

 
Two main parts of the angular velocity Fuzzy controller for Fuzzy reasoning and angular velocity 

PID controller are its error and its rate error and as a basis for real-time output PID controller 

parameter correction value. This paper is consist of three parameters of the PID controller 

(∆𝐾𝑃, ∆𝐾𝑖, ∆𝐾𝑑), since the three parameters of the PID controller is always in the dynamic 

adjustment, so the effect of fuzzy PID relative to the traditional PID control more significant. 

 

In this research article, the attitude angle of the quad-rotor is altered in a small range, and the pitch 

angle is used as an example to carry out cascade Fuzzy PID control. In this respect, a clear amount 

of angular velocity deviation theory domain, a clear amount of angular acceleration, now take the 

angular velocity deviation rate of change of the quantization factor is quite less, therefore the Fuzzy 

angular velocity deviation of the domain is in between min and max range. The domain for Fuzzy 

angular acceleration deviation is also exist between min and max range. Since the Fuzzy 

interference section only changes the value of the output parameters, the initial value of the three 

parameters of PID is determined by Simulink simulations where the inner loop (𝐾𝑃 = 0.667, 𝐾𝑖 =
0.5, 𝐾𝑑 =  0.5) the outer loop 𝐾𝑃 = 0.49, the inner loop fuzzy control ∆𝐾𝑃, ∆𝐾𝑖, ∆𝐾𝑑 domain is in 

the form of min and max values. By considering the response speed and control precision, the 

input and output variables are divided into grades, each grade corresponds to a Fuzzy set. To 
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describe the Fuzzy variables, the Fuzzy subsets are {NB, NS, Z, PS, PB}. In order to reduce the 

control quantity of the flight control system, both the input and output variables are selected with 

the Gaussian shape, the membership function of the middle triangle and the central method is used 

in the final defuzzification method.  

 
 

TABLE 1: IF THEN FUZZY LOGIC RULE BASE FOR 𝐾𝑃 

 

 

 

 

 

 

 

 
 

TABLE 2: IF THEN FUZZY LOGIC RULE BASE FOR 𝐾𝐼 

 

 

 

 

 

 

TABLE 3: IF THEN FUZZY LOGIC RULE BASE FOR 𝐾𝐷 

ERROR BN SN ZER SP BP 

𝑑𝑒
𝑑𝑡⁄       

NBN SP BP BP BP BP 

NSN SP SP SP SP BP 

ZER ZER SP SP SP BP 

PSP ZER SP SP SP SP 

PBP ZER BP BP BP SP 

 

 

 

ERROR BN SN ZER SP BP 

𝑑𝑒
𝑑𝑡⁄       

BN ZER SP SP SP ZE 

SN SP SP MP PS PS 

ZER MP SP MP MP MP 

SP MP MP MP SP LP 

BP LP MP MP SP LP 

ERROR BN SN ZER SP BP 

𝑑𝑒
𝑑𝑡⁄       

BN ZER ZER ZER ZER ZER 

SN ZER SP SP SP ZER 

ZER SP SP SP SP SP 

SP BP SP SP SP SP 

BP BP BP BP BP BP 
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3.5    Fuzzy System rules 

 

Fuzzy PID control algorithm uses pre-speculated good Fuzzy rules to adjust the 

parameters, to the maximum time to meet the different requirements of self-tuning 

parameters, therefore the formation of reasonable Fuzzy rules for the attitude control 

of the UAV is extremely important. PID parameter Fuzzy rules are discussed in table 

1 to 3 respectively. Fuzzy surface of the parameters is shown in figure 3. In the fuzzy 

PID controller, ∆𝐾𝑝 is the scale factor, increasing the value of ∆𝐾𝑝 can make the 

actual angular velocity of the four-rotor aircraft closer to the desired angular 

velocity, so that the adjustment precision of the system is increased. For the aircraft, 

when the angular velocity error is large, it should increase the value ∆𝐾𝑝, so that the 

actual angle of the quad-rotor closer to the nearest desired attitude angle, with the 

reduction of errors it should the reduce the value of ∆𝐾𝑝 to avoid serious system 

overshoot, when the actual attitude angle become close to the desired attitude angle, 

approximately increases the value of to improve the static stability of the system.  

∆𝑘𝑖 is integral coefficient, increasing  ∆𝑘𝑖 can eliminate the steady-state error of the 

UAV.  When the error is small, UAV is in steady state, can increase the value of ∆𝐾𝑖 
which helps to improve the stability of the aircraft. When the error is large, the 

system is in the process of rapid response then if you increases the value of ∆𝑘𝑖 will 

make UAV integral saturation phenomenon, it is necessary to reduce the value of 

∆𝑘𝑖, ∆𝑘𝑑 is the differential coefficient that can predict the amount of change in the 

system can be predicted in advance. When error is large, should increase the value 

of ∆𝑘𝑑 to inhibit the angular velocity of the aircraft overshoot, improve the dynamic 

performance of the system. When error is small, should reduce the value of ∆𝑘𝑑 

otherwise the system adjustment time will be too large. The output rules of Fuzzy 

PID controller is seen in figure 4.  

 

        
(a)                                                               (b) 
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(c) 

Figure 3 (a), (b) and (c): Fuzzy surface rules of PID controller  

 

 
 

Figure 4: The output rules of Fuzzy PID controller  
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4 Simulation Results 

 
After designing the four-rotor control system, the simulation system parameters are defined in 

table 2. Matlab/ Simulink build simulations platform, the targeted angle control simulations of 

three methods, the simulations results shown in figure 5 and 6 respectively. Defines that the 

attitude angles are expected to step signal, Fuzzy PID control and level PID control, compared to 

traditional PID control, faster response time to each steady-state time, less overshoot , while the 

PID control to reach steady-state time quickly, with very overshoot. In order to verify the algorithm 

for PID parameters can be adjusted adaptively, given that when error and rate of error both are 

zero, the specific adjustment value of PID parameters. 

 

Table 4: The simulation system parameters 

 
Parameters Value 

𝑚/𝑘𝑔 1.852 

𝑔/(𝑚 ∗ 𝑠−2) 9.80 

𝑙/𝑚 0.255 

𝐼𝑥/(𝑘𝑔 ∗ 𝑚
−2) 9.313 × 10−3 

𝐼𝑦/(𝑘𝑔 ∗ 𝑚
−2) 9.313 × 10−3 

𝐼𝑧/(𝑘𝑔 ∗ 𝑚
−2) 1.672 × 10−2 

 

 
In order to verify the effects of Fuzzy PID control algorithm on attitude robustness control of four-

rotor aircrafts, this paper uses the plus frame of quadrotor as the carrier. Figure 5, shows the altitude 

approaching of aircraft which is commonly called as hovering mode, when UAV is stabilized at 1 

meter height after that there attitude angles goes to the zero it means that there is no velocity at 

that time and UAV is still at same position. In this case, the roll, pitch and yaw moments are nearly 

or equal to zero which is shown in figure 6.       
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Figure 5: Altitude of quadrotor UAV 

 

.  

(a)                                                                         (b) 

 

(c) 

Figure 6 (a, b, c): The Euler or attitude angles of UAV 

 

5 Conclusion 

On the basis of attitude control of the UAV controller, the modeling analysis of 

the quad-rotor, the Fuzzy PID control algorithm is proposed, and the aircraft 

platform is setup in Matlab/ Simulink. The simulations results show that the 

Fuzzy PID control algorithm has high precision and fast response speed. In this 

research article, the angular velocity loop is used for Fuzzy control to control the 

angular rates of UAV and the cycle of attitude control is shortened, and thee 

dynamic characteristics of the attitude control are improved.  
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